We examine a coherently-driven, dispersion-managed, passive Kerr fiber ring resonator and report the first direct experimental observation of dispersive wave emission by temporal cavity solitons. Our observations are in excellent agreement with analytical predictions and they are fully corroborated by numerical simulations. These results lead to a better understanding of the behavior of temporal cavity solitons under conditions where higher-order dispersion plays a significant role. Significantly, since temporal cavity solitons manifest themselves in monolithic microresonators, our results are likely to explain the origins of spectral features observed in broadband Kerr frequency combs.
The emission of dispersive waves (DWs) by intense light pulses perturbed by high-order dispersion has been studied for decades, and it is well documented in nonlinear fiber optics [1] [2] [3] . It typically occurs when the phase of a propagating pulse evolves identically to the phase of a linear wave (or waves) at a different frequency, allowing this wave to be amplified through resonant energy transfer. The vast majority of studies associate DW emission exclusively to bright solitons, but the process is in fact much more general: it can occur with dark solitons [4] and even with non-solitonic pulses both in the normal and in the anomalous dispersion regimes [5] [6] [7] . Today the process is recognized as one of the central frequency conversion mechanisms in nonlinear fiber optics, where it has been harnessed to realize tunable sources of coherent radiation [8, 9] , and identified as a critical component in the generation of broadband supercontinua [10, 11] .
DWs have now also started to be put forward in another broadband frequency generation paradigm, namely the generation of frequency combs from high-Q Kerr microresonators. This topic has been under intense experimental investigation since 2007 [12, 13] , and recent progresses in theoretical modeling have identified some spectral features of these socalled "Kerr combs" as possibly arising from DW emission [5, 14, 15] . More specifically, in some conditions, Kerr combs are now being understood to be underlined in the time domain by dissipative structures known as temporal cavity solitons (CSs) [14, 16, 17] . It is these short CS pulses, and the related periodic modulational instability (MI) patterns, that appear to emit DWs under low dispersion conditions, with temporal instabilities -when present -responsible for additional spectral broadening of the DW peak [18, 19] . This proposition is further supported by the fact that DW emission can be linked to cascaded four-wave mixing [5] , the frequency-domain process underlying Kerr comb generation [12, 13] .
Temporal CSs have just been reported in Kerr comb microresonator experiments [20] but an inconvenient fact remains: temporal CSs have never been observed to emit DWs in any platform. This shortfall can be explained by noting that, so far, all experiments conclusively involving temporal CSs have been carried out far from any zero-dispersion wavelength (ZDW) [16, 20, 21] , i.e., in conditions where higherorder dispersion plays a negligible role [10, 11] . In this Letter, we address this point by studying experimentally temporal CSs, for the first time in a low-dispersion cavity. Our study is performed in a single-mode fiber loop, in which we can more reliably control the excitation of temporal CSs and the dispersion characteristics of the resonator compared to a microresonator. DWs are positively identified in our experiment and their emission wavelength found to agree with a recent theoretical model [22] .
Our experimental set-up is illustrated in Fig. 1 and is similar to that used in previous temporal CS experiments [16, 21] . The cavity is coherently driven by a continuous-wave (cw) ultra-narrow linewidth (< 1 kHz) DFB fiber laser at 1550 nm wavelength, which is amplified to 1-1.3 W. A band-pass filter (BPF) rejects the noise from the optical amplifier before the driving beam is injected into the cavity through a 90/10 fiber coupler. Our cavity incorporates an optical fiber isolator which prevents the build-up of stimulated Brillouin scattering (SBS), a wavelength division multiplexer (WDM) to couple the addressing pulses used to excite the CSs, a 99/1 tap coupler through which the output spectra are monitored with an optical spectrum analyzer, and some extra length of fiber. The overall cavity finesse F = π/α is about 18, with α = 0.176 representing half the percentage of power loss per round-trip. A PID feedback control loop actuating the laser frequency locks the driving laser near a cavity resonance and keeps the system interferometrically stable. The error signal of the control loop is derived from the part of the driving power that is reflected off the input coupler. In practice we operate the laser with a detuning δ 0 = 0.5-0.56 rad before the closest cavity resonance. To excite temporal CSs, we used the same incoherent writing process as used in previous experiments [16, 21] , namely cross-phase modulation between the cw intracavity field and external addressing pulses. The addressing pulses were 1.8 ps long and generated by a 1532 nmwavelength mode-locked laser with a 10 GHz repetition rate. These pulses were selected by a series of two intensity modulators (see [21] ) before being amplified and launched in the cavity through the WDM coupler. For each measurement, the cavity was filled with about 1300 temporal CSs. As all the CSs that circulate in our cavity are identical [16] , this simply boosts the spectral power of the CS component relative to the cw background, improving the quality of our measurements. The fiber path around the cavity is composed of 94.5 m of dispersion-shifted fiber (DSF) and 10.4 m to 16.0 m of standard single-mode fiber (SMF). Adjusting the length of the SMF segment allows us to vary the average cavity dispersion, and to explore CS dynamics in the regime where the third-order dispersive perturbation plays a significant role. The combination of two fibers is justified by the relatively high-finesse: it implies that the field does not vary significantly over the course of a single round-trip (the cavity photon lifetime being much larger than the round-trip time) and therefore that the lumped aspect of the cavity is not so relevant. The round-trip-averaged dispersion and nonlinearity are instead the important quantities [23] . At our operating wavelength, the DSF exhibits normal group-velocity dispersion (GVD), with 2nd-and 3rd-order dispersion coefficients β DSF 2 = 1.95 ps 2 /km and β DSF 3 = 0.2 ps 3 /km, while the SMF presents anomalous dispersion with the well-known values β SMF 2 = −20 ps 2 /km and β SMF 3 = 0.1 ps 3 /km. Based on these parameters, varying the length of the SMF segment changes the average GVD of our cavity β 2 from −0.23 to −1.23 ps 2 /km. At the same time β 3 stays relatively constant (to better than 3 %) at 0.19 ps 3 /km. Clearly, the relative contribution of third-order dispersion with respect to secondorder dispersion can thus be controlled in our system. To quantify this, we define a normalized third-order dispersion
where L is the total length of the cavity. The normalization is such that the cavity field decay rate and the GVD coefficient are both set to −1 [24, 25] . When d 3 ≪ 1 (respectively, ≫ 1), 2nd (3rd) order dispersion dominates, and when d 3 ∼ 1 the two contribute comparably. Finally, we estimate the average nonlinear coefficient of the cavity to be about γ = 1.9 W −1 km −1 .
In addition to experiments we also numerically simulate the nonlinear cavity dynamics. Our simulations use a full lumped model, in which each cavity element is separately taken into account. Propagation through each fiber segment is modeled using a generalized nonlinear Schrödinger equation [10] , the driving field is interferometrically added at the beginning of each roundtrip, and the remaining discrete losses and/or components are modeled through the use of localized transmission functions. Figures 2(a) -(c) show experimental (red) and numerical (blue) spectra of temporal CSs obtained for three different averaged cavity dispersion. We first note the overall remarkable agreement between the simulations and the experiments. Results in Fig. 2(a) correspond to a cavity with 16 m of SMF, or equivalently an average 2nd-order dispersion coefficient β 2 = −1.23 ps 2 /km. The spectrum is typical of a temporal CS: the broad spectral wings are associated with the narrow temporal pulsed structure of the soliton, while the central narrow "DC" peak highlights the presence of the cw background on which temporal CSs are superimposed [16] . Although the dispersion is already relatively low, the CS spectrum does not extend significantly past the ZDW (highlighted as a dashed line in Fig. 2) , and no significant spectral features are present in the normal dispersion regime where DWs would be expected. This is attributed to the fact that the contribution from 3rd-order dispersion is still small compared to β 2 , and indeed the normalized 3rd-order dispersion coefficient is very small, d 3 ≃ 0.08 ≪ 1. The only noticeable feature seen in Fig. 2(a) is a quasi-phase-matched Kelly sideband at 1560 nm in the anomalous dispersion regime. It arises due to periodic nature of our cavity which is made up of two different fiber types [26] . Consequently, we note that the mean-field model that is usually employed to describe CSs [14, 16, 27] does not account for this Kelly sideband. A full lumped cavity model as we have been using is required instead.
As the average dispersion is reduced to −0.32 ps 2 /km (corresponding to 10.9 m of SMF, and to d 3 ≃ 0.64), the spectrum develops a peak at 1541.1 nm in the normal dispersion regime [ Fig. 2(b) ]. The peak shifts slightly to 1541.4 nm and becomes more prominent [ Fig. 2(c) ] at an even lower average dispersion of −0.23 ps 2 /km (corresponding to 10.4 m of SMF, and to d 3 ≃ 1.05). This peak is a clear signature of DWs emitted by the circulating temporal CSs, and the trend observed when the average dispersion reduces fully agrees with this conclusion. Indeed, as we reduce the average GVD coefficient β 2 , we are effectively shifting the ZDW towards the driving beam wavelength. This pushes the DW towards the driving beam, leading to a more efficient amplification [3] .
To more quantitatively establish that the spectral feature seen in Figs. 2(b) -(c) corresponds to a DW, we must show that its wavelength obeys the relevant phase-matching condition. In some cases, especially when broadband Kerr comb generation takes place in high-Q microresonators, the known condition for conservative solitons [3] has been shown to provide a good approximation [14] . However, this limit does not apply here and a more general prediction requires the cavity geometry, and in particular the effect of the cavity detuning, to be fully taken into account. The theoretical study of Ref. [22] has recently addressed this issue based on the following argument: In the cavity configuration, because of the dissipative losses, the DW is a stationary localized radiation tail attached to the CS. The DW frequency can thus be found by examining how this tail asymptotically approaches the cw background on which the temporal CSs are superimposed. Specifically, one considers the ansatz E = E 0 + a exp(−iQτ) + b exp(iQ * τ) (the * denoting complex conjugation) in the mean-field model of the cavity [14, 16, 27, 28] , with τ the fast-time describing the temporal profile of the field inside the cavity and E 0 the cw lower state background, and one looks for a self-consistent, stationary, linearized (|a|, |b| ≪ |E 0 |) DW solution. This leads to the following condition for the complex frequency Q:
Here P 0 = |E 0 | 2 is the power level of the cw lower state background, while V is a drift velocity that accounts for the fact that 3rd-order dispersion (or any odd order of dispersion) makes the CSs group-velocity slightly different from that of the driving field [23, 24] . This is associated with a spectral shift of the CS spectrum with respect to the driving frequency and in [22] has been interpreted as resulting from the spectral recoil due to the emission of DWs. Specifically, V represents the group-delay accumulated by the temporal CSs with respect to the driving field over one round-trip (and has the units of time). We note that the above equation can be generalized to include arbitrary orders of dispersion by adding the extra even (odd) order dispersion terms in the form β k LQ k /k! (for k ≥ 4) to the β 2 (β 3 ) contributions, respectively.
In considering Eq. (1), we can restrict ourselves to the + sign alternative in front of the square root because the solutions of the two cases are related by the transformation Q → −Q * . This fact highlights that, in the cavity geometry, DW peaks should appear in pairs symmetrically located with respect to the driving frequency. Further analysis of the eigenvectors of the problem [22] indicates however that in our experiment the dominant DW is always up-frequency shifted. The down-frequency shifted symmetrical counterpart is predicted to be significantly weaker, and so far we have been unable to detect it. Equation (1) was studied in [22] with the loss coefficient α neglected, which was appropriate for the context of high-Q microresonators pertinent to that work. In that condition, the solutions Q are purely real (and directly interpreted as the angular frequency shift of the DW with respect to the driving frequency). In our fiber cavity experiment, the losses are more important but we can still simplify Eq. (1) by noting that with our measured background power level P 0 ≃ 500-600 mW, the nonlinear round-trip phase shift γLP 0 ∼ 0.1 rad, making the second-term in the square root, (γLP 0 ) 2 , negligible. Eq. (1) then becomes a polynomial in Q,
In the form above, Eq. (2) can be easily compared to the classical DW phase-matching condition of conservative solitons [2, 3] and the differences with the cavity geometry readily identified. We note in particular that the peak power of the temporal CS does not play any direct role: rather, it is the power of the CS background P 0 which is relevant. When the dispersion terms β k dominate, Eq. (2) approaches the conservative soliton expression [14] . In order to solve Eq. (2) for the parameters of our experiment, the only thing we lack is the CS drift velocity V . We can obtain this quantity from the observed spectral recoil of the CS spectrum. In Fig. 2(c) , the peak of the CS spectral components does not coincide with the driving wavelength but rather is shifted towards longer wavelengths by about 1 nm [corresponding to a frequency shift ∆Ω CS /(2π) = −125 GHz]. This shift translates into an extra group delay of V = β 2 ∆Ω CS L + β 3 ∆Ω 2 CS L/2 ≃ 25 fs per round-trip for the CS. The situation is not as clear for the spectrum of Fig. 2(b) , but we estimate V to be less than half that value in this case. With these values, the dispersion and loss coefficients quoted above, and the detuning and driving power levels stated in the caption of Fig. 2 (which then determine the intracavity cw background power level P 0 based on the cavity mean-field model), Eq. (2) predicts the emission of DWs at wavelengths (derived from the real part of Q) of 1540.9-1541.2 nm (considering V within 0-12.5 fs) for Fig. 2(b) , and 1541.3 nm for Fig. 2(c) . These predictions are in very good agreement with experiments and further support our interpretation of the observed spectral peaks as genuine DWs. Because the cavity losses are included in our analysis, the solutions of Eq. (2) are complex. By examining the ansatz, it must be clear that the imaginary part of Q is related to the time-constant with which the dispersive radiation tail of the temporal CS exponentially decays to the background. We have unfortunately been unable to temporally resolve this radiation in our experiment. Still, in order to provide some form of comparison, we have plotted in Fig. 3 the intensity profile of the temporal CS (blue) corresponding to the simulated (light-blue curve) spectrum plotted in Fig. 2(c) , superimposed with the analytically predicted DW tail (green circles). The latter corresponds to the expression |E 0 + a exp(−iQτ)| 2 (ignoring the weak down-frequency shifted component b of the ansatz), with Q = 2π(1.07 THz) − i/(1.54 ps) the solution of Eq. (2), and we used the complex DW amplitude a as a fit parameter. Clearly the agreement is excellent. Compounded by the good agreement between the simulated and experimental data in Fig. 2 , this strongly supports that we have observed a temporal CS with a main peak of about 650 fs duration, and with an oscillating DW tail decaying (in intensity) over a timescale of about 3 ps.
In conclusion, we have directly observed experimentally the emission of DWs by temporal CSs. Our experiment was performed in a dispersion-managed single-mode fiber ring resonator and the DWs manifest themselves as spectral peaks that develop across the ZDW when the average cavity dispersion is sufficiently reduced. The peak becomes more prominent and shifts closer to the driving beam wavelength with decreasing dispersion, in agreement with theoretical analysis [22] . Our observations further reinforce the case that Kerr combs generated in microresonators are in some conditions underlined by temporal CSs, and could explain the very similar spectral peaks observed in this context [14, 18, 19] .
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